We find a superradiant quantum phase transition in the model of triangular molecular magnets coupled to the electric component of a microwave cavity field. The transition occurs when the coupling strength exceeds a critical value which, in sharp contrast to the standard two-level emitters, can be tuned by an external magnetic field. In addition to emitted radiation, the molecules develop an in-plane electric dipole moment at the transition. We estimate that the transition can be detected in state of the art microwave strip-line cavities containing 10 15 molecules.
Introduction -The superradiant phase of a collection of emitters coupled to common electromagnetic field mode is characterized by a finite number of photons in the ground state of the combined system. In the model of two-level emitters coupled to a single cavity mode [1] [2] [3] [4] , the superradiant phase appears when the emitter-field coupling g exceeds some critical value g c [5, 6] . Theoretical and experimental search for the superradiant phase transition has included atoms and molecules coupled to single-and multimode optical cavities, Josephson junction qubits in microwave resonators, as well as ultracold atoms in optical traps [7] [8] [9] [10] [11] .
According to the no-go theorem [12] [13] [14] , the ground state of any collection of two-level emitters with dipolar coupling to a mode of electromagnetic field does not contain cavity photons. This result seems to render the superradiant quantum phase transition impossible, and it was extended to the case of many electromagnetic field modes and many levels in Josephson junctions [13, 14] . However, the superradiant phase transition was predicted to occur in the interacting emitters as well as in an ensemble of inhomogeneously coupled emitters and many modes [7, 15] . It was indeed observed in ultracold gases [9] . Here, we consider emission from an ensemble of interacting spins, and we are not aware of any extension of the no-go theorem that applies to our case. Two-level emitters interacting with the quantized electromagnetic field of resonant cavity are described by the standard Dicke, Jaynes-Cummings, and Tavis-Cummings models of quantum optics [2] . Motivated by the spinelectric coupling of molecular magnets [16] , we introduce a new model for the emitter in a cavity. The emitter degree of freedom represents the chirality of ground-state spin texture in a triangular molecular magnet, which interacts with the molecule's total spin. A crystal with ori-Ê
Geometry of a crystal of molecular magnets in a microwave cavity and external magnetic field. Electric field of the cavity mode is in the plane of the molecule (x − y). External magnetic field B produces the effective fields b = µBg mol B, which is tilted by the angle ψ from the normal ez to the plane of the molecules. The fields b ±1/2 form angles θ ±1/2 with the z-axis, and define quantization axes of spin (see text). The angle δ = θ −1/2 −θ 1/2 determines the coupling strength of different transitions.
ented molecular magnets in a strip-line cavity is then described by a generalization of the Dicke model, see Fig. 1 .
We find that the cavity field and molecular magnets can be driven through the transition by modifying the direction or intensity of the external magnetic field. The critical coupling for the transition is field dependent, due to the interaction between spins within the molecules. Spin interaction makes the ground-and low-energy excited states coherent superpositions of entangled total spin and chirality of the spin texture. In molecular magnets [17] , the quantum coherence was crucial for explain-ing the dynamics of magnetization: transitions between the spin states are coherent processes, and show the interference between transition paths [18] [19] [20] and the Berry phase [21] [22] [23] . While our considerations apply to molecular magnets, a range of emitters, like NV centers in diamond, Josephson junctions, N@C60 clusters, surface plasmons and excitons in CdSe quantum dots, as well as the rare earth ions may allow for similar field-dependent superradiant quantum phase transition of the interacting spin emitters [24] [25] [26] [27] [28] [29] [30] .
Model -At low energy, triangular molecular antiferromagents are characterized by the total spin-1/2, S = 3 i=1 s i , where i counts the spins-1/2 on magnetic centers, and pseudospin-1/2 chirality C, associated with the spin texture, see Fig. 1 . The z-component of the chirality is
, and the components C x = −(s 1 · s 2 − 2s 2 · s 3 + s 3 · s 1 )/3 and C y = (s 1 ·s 2 −s 3 ·s 1 )/3 are two-spin operators that flip chirality C z in analogy with Pauli spin operators [16] . The operators S and C are independent and satisfy spin commutation relations:
and [S, C] = 0, where i, j, and k count the Cartesian components of spin and chirality [16, 31] .
The two degrees of freedom, S and C, couple differently to external fields: while the spin couples to the magnetic field via Zeeman term, the chirality couples to the components of external electric field in the plane of the triangular molecule, E [16] . The Hamiltonian of the molecular magnet in external electric and magnetic fields is [16] 
The Bohr magneton, µ B , and the molecular gyromagnetic ratio, g mol , are absorbed in the effective magnetic field b = µ B g mol B, and we set = 1. The zero-field splitting, ∆ SO , caused by the spin-orbit interaction, produces an Ising coupling between S z and C z , with the spin z axis normal to the molecule's plane. In a typical molecular magnet ∆ SO /(gµ B ) ∼ 1 T [17, 32] , setting the control magnetic field strengths to B ∼ 1 T, and the resonant frequency of radiation to the microwave region, ω ∼ 100 GHz. The predicted value of the spin-electric coupling constant is d 0 ∼ 10 −4 |eR 0 | where e is the electron charge, and R 0 is the distance between magnetic centers [33, 34] . The chirality interacts with the in-plane components of the electric field and, through the Ising coupling, with a quantum degree of freedom, S [16, 31] .
A crystal of N emitters interacting with a mode of the resonant cavity is described by
where H cav = ωa † a describes the cavity photon, and each H 0,j = 2∆ SO C j,z S j,z + b · S j describes a molecule interacting with a classical magnetic field B. The interaction terms,
, are couplings of molecules to the electric component of quantized cavity field. The operator a (a † ) annihilates (creates) a cavity photon. The coupling constant d = d 0 E x includes both the intrinsic coupling d 0 and the electric field amplitude E x = ω/c l V , where c l is the resonator capacitance per unit length, and V is the volume of the cavity [35] . Assuming the resonant frequencies ω in the microwave range and state-of-the-art microwave cavities with E x ∼ 100 V/m, we obtain d ∼ 10 −11 eV. The molecules in a crystal lie in parallel planes, so that their spin quantization axes all point in the same direction, z [30] . Any variation of molecular orientations, e.g., due to crystal defects, is equivalent to a change in the effective coupling between the molecular spins and the cavity photons. The Hamiltonian (2) does not contain the Zeeman coupling of spin S to the magnetic component of the cavity field. This coupling is much weaker than the spinelectric coupling between the electric field and chirality C. Neglecting this term is appropriate for the microwave cavities with molecules placed near the maximum of the electric field amplitude [36] .
The non-interacting Hamiltonian, H 0 = H cav + j H 0,j , conserves the number of photonsn = a † a , as well as the z-components of chiralities, C j,z . Within each simultaneous eigenspace ofn and C j,z it reduces to a spin Hamiltonian
where n and c are the respective eigenvalues of the operatorsn and C j,z . This reduced Hamiltonian is readily diagonalized, and we find the energies, E n,c,s = s|b(c)| + nω, and the eigenstates, |n, c, s = |n, c ⊗ |S · e c = s . The effective magnetic fields are b(c) = b + 2c∆ SO e z , with c = ±1/2. The eigenstates are |n, c, s , and s = ±1/2 denotes the molecule's spin projection along e c , the direction of effective field b(c). Explicitly, the molecule's eigenstates in the C j,z , S j,z basis are given by the unitary transformation |n, c, s = |n ⊗ U |c, s z , where U = c=±1/2 P c exp (−iθ c S y ) P c maps the state |c, s z of the molecule with chirality c and spin projection s z to the z-axis into a state with the same chirality and the spin projection s = s z along the rotated spin axis (see Fig. 1 ). The angles θ ±1/2 are
with ψ denoting the polar angle of the field b. The operators P c = 2 c C z + 1/2 are projectors to the states of a given chirality c. Rotating wave approximation -As opposed to the standard Jaynes-Cummings model in quantum optics [37] , the rotating wave approximation (RWA) for a single- 
The critical couplings in the full RWA (d cFull molecule magnet in a cavity can not be obtained by simply neglecting the terms proportional to C + a † and C − a, since the chirality interacts with the spin, which in addition couples to external fields.
To derive the RWA of Eq. (2) we switch to the interaction picture, V j (t) = e iH0t V j e −iH0t , with respect to the terms H 0 = j H 0,j that do not involve the interaction of the molecule with the cavity field. Using the known eigenvalues and eigenstates of H 0 , we find
where M (c, s, s ) = S j · e c = s|S j · ec = s is the scalar product of the spins with projections s and s on the axes e(c) and e(c), wherec = −c,s = −s. Explicitly, M (c, s, s) = cos (δ/2), M (±1/2, s,s) = ∓i sin (δ/2), δ = θ −1/2 − θ 1/2 , and the angles θ ±1/2 are given in Eq. (4). The RWA consists of neglecting the terms in the interaction-picture Hamiltonian (5) that oscillate with frequencies close to molecular transitions ω ij ∼ |E i − E j |, and keeping the terms that oscillate slowly, with frequencies close to the detuning between the transition and the cavity mode. In this case the fastoscillating terms average out to zero, and we can neglect them. The resonant frequencies in our model are ω ± r = (|b(1/2)| ± |b(−1/2)|) /2. We have set the direction of z axis so that |b(1/2)| ≥ |b(−1/2)|.
The condition for the validity of the RWA is that the molecule-cavity coupling constant d is much smaller than the resonant frequencies, d ω ± r . In addition, the RWA can reproduce the standard model of a two-level emitter when the cavity frequency is tuned close to one of the transitions and far from the other, e.g., |ω − ω + | |ω − ω − |. This tuning is possible only when
The condition (6) can not be satisfied when b ≈ ∆ SO e z , i.e., when the magnetic field axis is near the normal to the molecule, and the magnetic field intensity is comparable to spin-orbit splitting ∆ SO (usually around 1 T [32] ). We will focus on the case when both resonances have to be taken into account, either due to the deliberate tuning of the cavity frequency, or due to violation of Eq. (6) . In this case, the amplitudes of the resonant transitions vary strongly with the magnetic field, and we will see that this leads to new effects. When Eq. (6) is satisfied, the cavity can be tuned so that the RWA leads to the Tavis-Cummings model [3, 4] , and consequently to the familiar superradiant phase transition and a single transition resonant with the cavity, see Fig. 2 . After the removal of the counter-rotating terms and switching back to the Schrödinger picture, the moleculecavity interaction is
The final Hamiltonian in RWA is H RWA = H 0 + V RWA , and it is analogous to the Tavis-Cummings model of two-level atoms in a resonant cavity. Similarly to the conservation of the number of excitations in the TavisCummings model, H RWA conserves the quantity N exc = n + j 1 +S j,z + 2C j,zSj,z , whereS j = U S j U † , with U defined above Eq. (4). The number of excitations, N exc , is conserved if we count molecules in the state |c, s = |1/2, −1/2 as zero excitations, molecules in the states | − 1/2, ±1/2 as one excitation, molecules in the state |1/2, 1/2 as two excitations, and each cavity photon as one excitation. We choose an additive constant so that N exc = 0 corresponds to all the molecules in the state |1/2, −1/2 and no photons in the cavity. Superradiant quantum phase transition -We study the superradiant phase transition in the rotating wave and mean-field approximations. This amounts to substituting photon annihilation(creation) operator a(a † ) by their expectation value a ( a * ), thus neglecting any quantum fluctuations. This approximation is valid for large photon numbers. We find the minimum of the ground state energy of H RWA = ω| a | 2 + j H 0,j + V RWA ( a ) as a function of a . The critical coupling is d c , the smallest value of d for which the minimum lies at | a | = a MF > 0. The mean-field energy is independent of the phase of a , which we set to be real in further discussion. Without RWA, a MF is real [38] . The value of a MF is zero for d < d c , and increases,
The critical coupling is determined as the value of d for which ∂ 2 a E MF ( a )| a =0 < 0. Since E MF (0) is finite, lim a →∞ E MF = ∞, and ∂ a E MF | a =0 = 0, this condition guarantees the existence of a minimum for the mean-field energy that is lower than E MF (0) at some finite value of a MF . Taking both resonances into account, Eq. (7), we find
This b-dependent d cFull is one of our main results, Fig. 2 . The dependence is due to both the modification of the energy levels of H 0 , and to modification of the coupling constants for transitions through spin-overlap terms in Eq. (7). The result, Eq. (8) clearly can not be explained by the usual RWA at either of the resonant frequencies, as illustrated in Fig. 2 . The dependence of d c on b allows for a controllable superradiant phase transition. Changes in d c , given by Eq. (8), can lead the system into or out of the superradiant phase, see Fig. 2 . The measurement of the escaping radiation as done, for example, by using input-output theory [39] , would then serve as a signature of superradiant state [9, [40] [41] [42] . In addition to the nonzero photon occupation of the cavity mode, see Fig. 3 , the transition is characterized by a change in the expectation value of the chirality. For d < d c , the molecules are in the state with C j,z = −1/2, with zero expectation values of C j,x(y) . After the transition, for d > d c , the in-plane components of chirality have nonzero expectation value, i.e., C j,x = 0 in our model. The fact that only the x-components gets a finite expectation value comes from our phase convention for a [38] . The molecules develop electric dipole moments for d > d c , and the transition can be detected by the electric response, as well as by the emitted radiation, lower panels of Fig. 3 . An alternative way to control the transition is to deform the cavity, and therefore change the amplitude of electric field E 0 and d ∝ E 0 .
Experiments which would allow one to detect the controllable superradiant phase transition and the spinelectric coupling are within reach of current state-of-theart. In the strip-line microwave cavities, the electric field amplitude can be of the order of E 0 ∼ 100 V/m [43] . The predicted molecular spin-electric coupling constant is estimated at d mol ∼ 10 −4 |eR 0 | [33, 34] , where R 0 is the distance between magnetic centers, of the order 5 · 10 −10 m [30] , and e is the electron charge. The transition occurs when d = d mol E 0 > d c . According to Eq. (8), this is satisfied in crystals containing N ∼ 10 15 molecules with a typical ∆ SO ∼ 1K.
The disorder in the molecule's energies due to imperfections of the crystal may bring some of the molecules out of resonance and reduce the effective N below the total number of molecules. However, the superradiant effect also suppresses such inhomogeneous broadening [44] [45] [46] . When the collective coupling of many emitters exceeds the bandwidth of their ensemble, the broadening vanishes altogether so that even far off-resonant molecules interact strongly with the field mode. This allows one to increase the number of active emitters in the cavity in realistic devices.
Conclusions-We have introduced a model of a crystal of single-molecule triangular antiferromagnets interacting with an external classical homogeneous magnetic field and the electric component of a quantized cavity field. The model shows a superradiant quantum phase transition with the critical coupling tunable by applied magnetic field. The strong coupling regime is characterized by nonzero mean photon number and electric dipole moment in the triangle plane. With state-of-the-art cavities and current estimates of spin-electric coupling strength, the tunable transition is achievable for 10 15 molecules in the cavity. While our models describes single-molecule magnets, it may also be useful in the study of other emitters described by entangled discrete degrees of freedom.
